There have been many mathematical models aimed at analysing the in-vivo dynamics of HIV. However, in most cases the attention has been on the interaction between the HIV virions and the CD4 + T-cells. This paper brings in the intervention of the CD8 + T-cells in seeking, destroying, and killing the in- In addition, we show that the solutions are biologically meaningful. Both the endemic and virions-free equilibria are determined and their stability investigated. In addition, the basic reproductive number is derived by the next generation matrix method. We prove that the virions-free equilibrium state is locally asymptotically stable if and only if 0 1 R < and unstable otherwise. The results show that at acute infection the CD8 + T-cells play a paramount role in reducing HIV viral replication. We also observe that the model exhibits backward and trans-critical bifurcation for some set of parameters for 0 1 R < . This is a clear indication that having 0 1 R < is not sufficient condition for virions depletion.
Introduction
One of the most threatening retrovirus in the world is the Human Immunodeficiency
Virus (HIV) that leads to Acquired Immunodeficiency Syndrome (AIDS).
Unlike other viruses, HIV is encoded in ribonucleic acid (RNA) rather than Such information has proved so valuable especially in the development of ARTs and in HIV management. In the recent years, mathematical models of various complexity level have been used to simulate and analyse such interactions unlike in the past where researches relied on clinical trials [6] . Consequently, many researchers [7] [8] [9] [10] in the field of epidiemiological modelling have embarked on the process of developing new models that could be used in the analysis of HIV dynamics. Many of the developed models describe and give insight on the various aspects that result from the interaction of HIV with healthy immune cells. The earliest mathematical models were based on the interaction between the CD4 + T-cells and the HIV virions. These basic non-linear models were developed and used in the analysis of HIV dynamics and consequently, in estimating fundamental parameters that brought in new concepts of the disease processes and its progression [11] . With the aim of providing the most fundamental information on controlling the viral progression, most of these basic models include atleast three state variables, which include: the susceptible CD4 + T-cells, free HIV virions and the already infected CD4 + T-cells. For instance, [12] , formulated and analyzed an HIV model with three state variables, that is, the susceptible CD4 + T-cells, the already infected CD4 + T-cells and the free HIV virions. The model for instance, predicts adequately the disease progression from the early infection stage, asymptomatic stage, to full blown-AIDs and the viral load at the asymptomatic stage. However, great improvement on the model has been done and many other advanced models developed. [13] Other researches have sought to study the role played by the killer T-cells in preventing virions replication in the body. In particular, [14] acknowledged the importance of the immune system in HIV infection dynamics by incorporating the CD8 + T-cells in HIV dynamic model. The study developed a three-dimensional ordinary differential equations of the untreated model. The model showed the interaction between the non-infected CD4 + T-cells, infected CD4 + T-cells and the immune response. The model had a major shortcoming for its failure to incorporate the HIV virions. On other hand, [9] , used a five-dimensional nonlinear ordinary differential equations (ODEs) model in showing the relationship between CD4 + T-cells, virions, defense cells and ARTs. The results emphasized the importance of the CD8 + T-cells in fighting the HIV virions during acute infection. It has been established that the disease become more endemic due to exponential virions replication and the failure of the ARTs to reach all the cells. Therefore, the focus on how to reduce virions replication by targeting the defense cell is inevitable and it will play a big role in ensuring that , and the viral load increases to 500 copies per ml [12] . HIV virus life cycle is presented in Figure 1 .
Mathematical Model for HIV Dynamics in-Vivo

Introduction
An in-host HIV dynamics model with the inclusion of the immune cells is formulated. We show the model is positively invariant. The basic reproduction number expression is derived using the next generation matrix method. We also do the analyses on the stability of the steady points of the model.
HIV Model Formulation
We shall put into consideration a mathematical model for the in-vivo interaction of the HIV virions and the immune system cells. µ . The interaction description can be summarized in Table 1 and Table 2 which represent the Variables and parameters respectively.
We present the model diagram in Figure 2 . The diagram represent visually a mechanisms which govern the system of differential equations for system (1).
From Figure 2 , we derive the following system of initial value non-linear differential equation for the in-vivo HIV dynamics model; 
Basic Properties of the Model
Before commencing the steady-states analysis of the model (1), it is important to look at some properties to ensure existence of biologically meaningful solutions.
Boundedness and the Positivity of the Model Solutions
Before we analyze the model (1) it is paramount to prove that the key variables are non-negative implying that the model solutions will be positive for all 0 t > and must be bounded for all 0 t > in an invariant region. Invariant region is the area in which the model is well posed mathematically and has biological meaning. Theorem 1. Let the initial values of the state variables be ( )
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of the model (1) is non-negative and Γ is the invariant region.
Proof. Taking the first part of Equation (1) we have,
Hence T is non-negative for all 0 t > .
Similarly for the infected CD4
+ T-cells we have,
By integration and separation of variables Equation (3) gives, 
Hence I is non-negative for all 0 t > . Similarly for the HIV virions we have,
By integration and separation variables Equation (3) gives,
Hence V is non-negative for all 0 t > .
For the CD8
+ , part four of model (1) gives
We separate variables and integrate both sides with respect to the corresponding variables as follow,
Hence Z is non-negative for all 0 t > .
Finally for the activated immune cells we have;
By integration and separation of variables we get;
Hence a Z is non-negative for all 0 t > . 
Invariant Region
Notably, all the state variables of system (1) have been proved to be non-negative.
In addition, parameters of model (1) monitors cell population, hence they are also non-negative for all, 0 t > . Consequently the model (1) analysis is done in the region Γ that is biologically meaningful.
Z t are bounded and the region Γ is positively invariant for all
Proof. The total population of the CD4 
Thus, Equation (12) reduces to;
Therefore, Equation (12) becomes;
Thus at any time 0 t > we have;
Hence, all feasible solutions set for the CD4 + T-cells of the model (1) enters the region:
Similarly the total number of the CD8 + T-cells, ( ) ( ) ( )
By separation of variables method for solving differential inequality Equation
Integrating Equation (19) we have
Hence, all feasible solutions set for the CD8 + T-cells of the model (1) 
Considering the V population of the model (1) we have'
Integration gives
Hence V is bounded. Consequently the feasible solution for the model (1) is;
All the state variables are positive and bounded. Consequently, from Equation (25), Γ is positively invariant of model (1). Hence, it is possible to study the dynamics of the HIV model (1) in Γ .

With theorem 2 we conclude that the model is valid and will remain so during the whole course of study if and only if the initial data are biologically meaningful.
In addition it is evident that with time the number of virions will reduce to nondetectable level.
Therefore, the model solutions will always be positive if the initial values for the state variables are non-negative for all Before infection by HIV virions, the model as represented by Equation (1), has a unique feasible HIV-free steady state solution to be referred to as the virions-free equilibrium (VFE). The virions-free equilibrium of the model (1) is given by:
Equilibria and Reproductive Number
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Basic Reproductive Number
Researchers in the field of in-vivo HIV modelling aims at finding the optimal 
Computation of R0
In this paper we shall adopt the next generation matrix method for the derivation of 0 R [16] . Mathematically, 0 R is given by
where ρ is the spectral radius of the next generation matrix [17] and F is the matrix of the infections while V is the transfer of individuals out of compartment [18] . The expression of 0 R is the dominant eigenvalue of the next generation matrix. In model (1) we have two infection classes, therefore, the matrix of new infection at the virions-free equilibrium is given by;
The matrix that represent the transfer between compartments at the disease-free equilibrium given respectively by,
The inverse of V is given by;
The next generation matrix
The eigenvalues of the matrix above are; [20] to study and prove the local stability of the virions-free equilibrium. The Jacobian matrix of the DFE for the model (1) 
Local Stability of the Virions-Free Equilibrium (VFE)
Theorem 3. The virions-free equilibrium 0 E of the model (1) is locally asymptotically stable if 0 1 R < and unstable if 0 1 R > Proof. In this study we have a non-linear differential equations model hence we shall use linearization method by
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Thus, from Equation (35) we have;
From ( 
The Endemic Equilibrium
To analyze the endemic equilibrium, this study adopt the assumption made by [14] that the free virus spread of infection and there is no cell-to-cell transfer of the HIV virions. The endemic equilibrium 1 
Hence, the endemic equilibria of the model (1) correspond to the non-negative solutions of the Equation (37). Therefore, we solve the system (37) in terms of 
We then obtain the following cubic polynomial that describes the existence of the possible equilibria.
( ) ( )
where, 
We re-write Equation (40) to ensure that The two roots of the quadratic Equation (42) is given by; 
Bifurcation Analysis of the Endemic Equilibria
Backward bifurcation plays a fundamental role in controlling and eradicating diseases. Backward bifurcation occurs in models that have multiple equilibria when 0 1 R < . Consequently, having 0 1 R < is important but not a sufficient indicator for the control and elimination of the infection [21] . Therefore, there is need to reduce the basic reproductive to avoid endemic states and in turn guarantee viral elimination [22] . Various researchers [23] , [24] From the point of HIV virions eradication public policy makers must work to ensure information education material (IEC) are available in all public places.
They must also ensure that the drugs are accessible and available. This may play a major role in ensuring that the backward bifurcation scenario are avoided.
In summary if the backward bifurcation cannot be avoided, public policy makers have to particularly be careful since having 0 1 R < does not guarantee that the viral load may get to non-detectable level, the disease might eventually progress to AIDS. However, from the numerical values used in model (1) results to a forward bifurcation as shown in the Figure 4 From an epidemiological point of view, forward bifurcations means that when 0 1 R < small perturbations from 0 E are unable to generate an endemic disease.in addition, when 0 1 R > , such small perturbations move the system (1) away from VFE the epidemic outbreak takes place and the disease might stabilize in an endemic state.
Remark 2. The existence of a backward bifurcation shows that even if 0 1 R < by some control measures, HIV may still persist. The control of HIV becomes more difficult.
Global Stability of the Virions-Free Equilibrium
Using the approach of [25] we investigate the global stability of the virions-free equilibrium for the model (1) . Using this approach we list two conditions that if met will guarantee the global asymptotic stability of the virions-free equilibrium. ( )
where the column vector components of 1) The 0 1 R < , that is, locally asymptotically stable.
2) ( )
X is globally asymptotically stable.
3) ,0 E X = is a globally asymptotically stable equilibrium of system (1) provided that 0 c R R < and the conditions (2) and (3) 
where 
Numerical Analysis
In order to observe the variables on the HIV model given in Equation (1) values for the parameter are described in Table 3 . 
Discussion
Conclusion
In this paper, we have presented an in-vivo HIV dynamics model with inclusion of the CD8 + T-cells. We first showed that the key variables of the model were non-negative and bounded to ensure that it is biologically relevant. We have computed the expression for the basic reproductive number 0 R and the equilibria of the model. It is evident that the rate of infection greatly influences the basic reproductive number. The mathematical analysis of the model showed the existence of virions-free equilibrium. In addition, the system exhibits backward and trans-critical bifurcation under some restriction on parameters. This shows that having 0 1 R < is not enough to eradicate the HIV-virions to non-detectable level. Numerical analysis were done to give more insight regarding the model. The results clearly show the introduction of HIV virions in the body without the use of ARTs does not mean that the disease is likely to persist in the body. The body have a way of reducing the HIV virions to very low level after three months of infection. This is in agreement with the biological mechanism of the HIV-cells interaction. However, as much as it is so in this study, the parameters were not varied; this means that the behavior might slightly be different between individuals. Furthermore, the simulations for the model have showed the importannce of the CD8 + T-cells in fighting the HIV virions. At the primary phase of HIV infection, there is an increase in the level viral load and a reduction in the population of the CD4 + T-cells, which reduces after three months due to the presence of the killer cells. However, as much as this study has only established the role played by the immune cells at the acute
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infection other researches such as [31] has shown that patients who fail to develop HIV/AIDS after 15 years or longer have significantly higher levels of immune cells compared to a normal HIV-infected patients. Therefore, it is fundamental to maintain a high population of the immune cells which in turn will lead to low level of the viral load. In addition, due to the high increase of the virions during the first three months it is important to introduce ARTs to prevent HIV transmission. This will help in the reduction of new infection.
